
Solution 1 (40 points) 

1. First calculate the diffusion coefficient: 

𝐷12 =
1.86 × 10−3 × 𝑇1.5 × (

1
𝑀1

+
1

𝑀2
)0.5

𝑃𝜎12
2Ω

 

Check the table we have:  

𝜎𝐴𝑟 = 3.542, 𝜎𝐻𝑒 = 2.551  

𝜀𝐴𝑟

𝑘𝐵
= 93.3,

𝜀𝐻𝑒

𝑘𝐵
= 10.2 

We have: 

𝜎12 =  
𝜎𝐴𝑟 + 𝜎𝐻𝑒

2
= 3.046 

𝜀12

𝑘𝐵
= √

𝜀𝐴𝑟

𝑘𝐵

𝜀𝐻𝑒

𝑘𝐵
= 30.85 

𝑇𝑘𝐵

𝜀12
= 3.24 →  Ω = 0.92  

Calculate the diffusion coefficient: 

𝐷12 =
1.86 × 10−3 × 1001.5 × (

1
4 +

1
40)0.5

5 × 3.0462 × 0.92
= 0.0228 𝑐𝑚2/𝑠 

 

2. Convection is neglected: 

𝐶(𝑧, 𝑡) − 𝐶𝑠

𝐶∞ − 𝐶𝑠
= erf(𝜉) , 𝜉 =

𝑧

√4𝐷𝑡
=

0.009

√4 × 0.00000228 × 36
= 0.497 

𝐶(𝑧, 𝑡) = 𝐶𝑠 × (1 − erf(𝜉)) = 𝐶𝑠(1 − 0.52) = 0.48𝐶𝑠 

𝑃 = 0.48𝑃𝑠 = 0.53 𝑏𝑎𝑟 × 0.48 = 0.254 𝑏𝑎𝑟 

3. Including convection: 

𝑉1̅𝑐1
𝑠𝑎𝑡 = (1 +

1

√𝜋(1 + 𝑒𝑟𝑓𝜙)𝜙𝑒𝜙2)−1 

𝑉1̅𝑐1
𝑠𝑎𝑡 =

𝑐1
𝑠𝑎𝑡

𝑐𝑡𝑜𝑡𝑎𝑙
= 𝑦1

𝑠𝑎𝑡 =
0.53

5
= 0.106 

0.106 = (1 +
1

√𝜋(1 + 𝑒𝑟𝑓𝜙)𝜙𝑒𝜙2)−1 

(1 + 𝑒𝑟𝑓𝜙)𝜙𝑒𝜙2
= 0.0668 

Solve for 𝜙: 𝜙 = 0.063 

𝑐1

𝑐1
𝑠𝑎𝑡

=
1 − erf ( 𝜉 − 𝜙)

1 + erf (𝜙)
=

1 − erf ( 0.497 − 0.063)

1 + erf (0.063)
=

1 − 0.46

1 + 0.07
= 0.505 

𝑐1 = 0.505𝑐1
𝑠𝑎𝑡 

𝑝1 = 0.505𝑃𝑠 = 0.505 × 0.53 𝑏𝑎𝑟 = 0.267 𝑏𝑎𝑟 

The error is: 

𝑒𝑟𝑟𝑜𝑟 =
0.254 − 0.267

0.267
=  −4.9% 

 



 

 

Solution 2 (30 points) 

 

𝑑𝑛1

𝑑𝑧
= 0 

𝑑𝑛2

𝑑𝑧
= 0 

𝑛1 and 𝑛2 are constant. 

 

Let’s look at the boundary 𝑧 = 0, 𝑛2 = −3𝑛1 

𝑛 = 𝑛1 + 𝑛2 = −2𝑛1 = 𝑐𝑣 

𝑐 = 𝑐1
0 + 𝑐2

0 = 𝑐1
𝐿 + 𝑐2

𝐿 

𝑐1 = 𝑦1𝑐 

𝑛1 = −𝐷𝑐𝛻𝑦1 + 𝑐1𝑣 

Substitute variables 

𝑛1 = −𝐷𝑐𝛻𝑦1 + 𝑦1𝑛 = −𝐷𝑐𝛻𝑦1 − 2𝑦1𝑛1 

𝑛1(1 + 2𝑦1) = −𝐷𝑐
𝑑𝑦

𝑑𝑧
 

Transpose and integrate 

∫
𝑛1

𝐷𝑐

𝐿

0

𝑑𝑧 = − ∫
𝑑𝑦

(1 + 2𝑦1)

𝑦1
𝑙

𝑦1
0

 

𝑛1𝐿

𝐷𝑐
= −

1

2
ln(

1 + 2𝑦1
𝐿

1 + 2𝑦1
0) 

𝑛1 =
𝐷𝑐

2𝐿
ln(

1 + 2𝑦1
0

1 + 2𝑦1
𝐿) 

𝑛2 = −
3𝐷𝑐

2𝐿
ln(

1 + 2𝑦1
0

1 + 2𝑦1
𝐿) 

Since 

𝑣2
𝐿 =

𝑛2
𝐿

𝑐2
𝐿  

Plug in the variables 

𝑣2
𝐿 = −

3𝐷(𝑐1
𝐿 + 𝑐2

𝐿)

2𝐿𝑐2
𝐿 ln (

1 + 2𝑦1
0

1 + 2𝑦1
𝐿) = −

3𝐷

2𝐿
(1 +

𝑐1
𝐿

𝑐2
𝐿) ln (

𝑐 + 2𝑐1
0

𝑐 + 2𝑐1
𝐿) 

Or 

𝑛1 = −
1

3
𝑛2 

𝑛 = 𝑛1 + 𝑛2 =
2

3
𝑛2 = 𝑐𝑣 

𝑛2 = −𝐷𝑐𝛻𝑦2 + 𝑦2𝑛 = −𝐷𝑐𝛻𝑦2 +
2

3
𝑦2𝑛2 

𝑛2(1 −
2

3
𝑦2) = −𝐷𝑐𝛻𝑦2 



∫
𝑛2

𝐷𝑐

𝐿

0

𝑑𝑧 = − ∫
𝑑𝑦

(1 −
2
3

𝑦2)

𝑦2
𝑙

𝑦2
0

 

𝑛2 =
3𝐷𝑐

2𝐿
ln(

1 −
2
3

𝑦2
𝐿

1 −
2
3

𝑦2
0

) 

𝑣2
𝐿 =

𝑛2
𝐿

𝑐2
𝐿 =

3𝐷𝑐

2𝐿𝑐2
𝐿 ln(

1 −
2
3 𝑦2

𝐿

1 −
2
3

𝑦2
0

) =
3𝐷

2𝐿
(1 +

𝑐1
𝐿

𝑐2
𝐿) ln(

3𝑐 − 2𝑐2
𝐿

3𝑐 − 2𝑐2
0) 

 

Solution 3 (30 points) 

Build the mass balance on the bubble: 

𝑑

𝑑𝑡
(𝑐1𝑉) = −𝐾𝑝𝐴(𝑃1 − 𝐻 × 𝑐1,𝑙𝑖𝑞) 

𝑐1 is the concentration of gas in the bubble, 𝑐1,𝑙𝑖𝑞 is the concentration of bulk solution. 

𝐾𝑝 is the gas side total mass transfer coefficient, 𝐴 is the surface area of the bubble, 𝐻 is 

the Henry constant. 

 

Since the reservoir is well-mixed, 𝑐1,𝑙𝑖𝑞 = 0 

𝑑

𝑑𝑡
(𝑐1𝑉) = −𝐾𝑝𝐴(𝑃1 − 0) 

𝑑

𝑑𝑡
(𝑐1𝑉) =

𝑑𝑟

𝑑𝑡
(𝑐1 × 4𝜋𝑟2) = −𝐾𝑝 × 4𝜋𝑟2 × 𝑃1 

𝑑𝑟

𝑑𝑡
= −𝐾𝑝𝑃1/𝑐1 

Integration we have: 

𝑟 − 𝑟0 = −
𝐾𝑝𝑃1

𝑐1
× (𝑡 − 𝑡0) 

Boundary conditions:  

𝑡0 = 0 𝑠, 𝑟 = 𝑟0   

𝑡0 = 1 𝑠, 𝑟 = (1 − 10%)𝑟0 

We have: 

(1 − 10%)𝑟0 − 𝑟0 = −
𝐾𝑝𝑃1

𝑐1
× 1 𝑠 

−10%𝑟0 = −
𝐾𝑝𝑃1

𝑐1
× 1 𝑠 

𝐾𝑝 =
10%𝑟0 × 𝑐1

𝑃1 × 1𝑠
 

𝑐1

𝑃1
=

1

𝑅𝑇
 

𝐾𝑝𝑅𝑇 =
10%𝑟0

1𝑠
= 0.0005 𝑚/𝑠 

𝐾𝑝 =
10%𝑟0

𝑅𝑇 × 1𝑠
=

0.1 × 0.005 𝑚

8.314
𝐽

𝑚𝑜𝑙 ∙ 𝐾
 × 298𝐾 × 1𝑠

= 2 × 10−7  
𝑚𝑜𝑙

𝑃𝑎 ∙ 𝑚2 ∙ 𝑠
 


